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Abstract
Besides the synchronous oscillations due to unbalance, high-speed rotors in oil ﬁlm bearings are known to show whirl/whip
instabilities which exhibit various types of subsynchronous oscillations. Here, the methods of numerical continuation are applied
to study the subsynchronous oscillations in detail. The main scope is to analyze the stability and bifurcation behavior of the
unbalanced Laval/Jeﬀcott rotor supported in semi-ﬂoating ring bearings. Characteristic bifurcation scenarios prove the existence of
two diﬀerent types of Hopf bifurcations which represent whirl/whip instabilities due to the inner or the outer oil ﬁlms. Furthermore,
it is shown that the critical limit cycle of non-tolerable amplitude is born at a saddle-node bifurcation. Finally, the inﬂuence of
unbalance on the subsynchronous oscillations is investigated by tracing the occurring bifurcations in the parameter plane of the
unbalance load and the rotor speed. The obtained bifurcation curves provide extended stability charts which illustrate the global
solution behavior of the considered rotor bearing systems.
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1. Introduction
High-speed rotors of thermal turbo-machines are commonly supported in hydrodynamic bearings which may show
a great variety of nonlinear phenomena. Generally, the nonlinear oscillations of such rotor bearing systems can
be subdivided into a synchronous component and into possibly several subsynchronous components. Synchronous
oscillations are usually excited by the unbalance and have a dominant frequency which corresponds to the rotor
speed. The second type are subsynchronous oscillations which are mainly caused by the self-excitation from the
cross-coupling stiﬀness due to the oil ﬁlm. The dominant frequency of the subsynchronous component is below the
rotor speed.
The oil ﬁlm-induced instabilities of the synchronous oscillations might lead to several types of subsynchronous
oscillations introducing various bifurcation sequences. In nonlinear rotor dynamics, transient run-up simulations be-
come an established method to study approximately the asymptotic dynamic behavior over the whole operation speed
range13,14,15,18. However, the transient simulations sometimes yield a limited physical understanding. Furthermore,
parameter and sensitivity analyses are very ineﬃcient since many time-consuming simulations are required.
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In contrary, the numerical continuation allows the time-eﬃcient computation of branches of equilibrium and of
periodic solutions. A subsequent stability and bifurcation analysis provides the explicit determination of bifurcations
which can be identiﬁed as critical speeds for the rotor bearing system. For perfectly balanced rotor systems, the nu-
merical continuation is applied to study the stability and bifurcation behavior of the diﬀerent types of subsynchronous
oscillations1,3,4. Until now, a rotor unbalance has been mainly neglected in these investigations.
In high-speed applications, semi-ﬂoating ring bearings are favored due to their mutual damping behavior between
the inner and the outer oil ﬁlms. The outer oil ﬁlm of the semi-ﬂoating ring bearing is also sometimes called squeeze
ﬁlm damper. However, squeeze ﬁlm dampers are often incorporated in the combination with ball bearings. The
numerical continuation is applied for rigid rotors in squeeze ﬁlm dampers by Sundararajan and Noah16 as well as by
Inayat-Hussain et al. 7,8 where the inner bearing is not taken into consideration. The bifurcation behavior of rotors in
single oil ﬁlm bearings is also investigated by Moser10, Ru¨bel11 and van de Vrande17 using the methods of numerical
continuation.
The application of semi-ﬂoating ring bearings noticeably reduces the amplitudes of the synchronous oscillations
due to unbalance. Nevertheless, rotors in semi-ﬂoating ring bearings undergo as well subsynchronous oscillations12,19.
Furthermore, a critical bifurcation may occur onto a high-amplitude solution for larger-sized rotors1,2 which resembles
“Total Instability” known from full-ﬂoating ring bearings14,15. For the perfectly balanced rotor, it was shown that the
so-called critical limit cycle is a co-existing isolated solution1. In the presence of high unbalance, it was supposed
in1 that a saddle-node bifurcation of quasi-periodic solutions, which represent the subsynchronous oscillations of
tolerable amplitude, leads to the jump of the rotor system onto the critical high-amplitude solution.
In this contribution, the classical Laval/Jeﬀcott rotor is investigated to identify the critical bifurcations for single
as well as double oil ﬁlm bearings. For the unbalanced rotor, the equations of motion are derived with respect to a
rotating reference frame to consider conveniently the subsynchronous oscillations. Then, the numerical continuation
is introduced for the rotor in single oil ﬁlm bearings where the well-known “oil whirl” and “oil whip” phenomena are
brieﬂy discussed. Additionally, the numerical continuation analysis provides a better physical understanding of the
stability and bifurcation behavior for the unbalanced Laval/Jeﬀcott rotor in semi-ﬂoating ring bearings.
2. Mechanical model
A symmetric, linear-elastic Laval/Jeﬀcott rotor is examined which is supported in two identical semi-ﬂoating ring
bearings (cf. Fig. 1). The equations of motion are ﬁrst stated with respect to a ﬁxed reference frame (x, y, z) where the
inﬂuence of gravity is neglected on the lateral motion of the rotor bearing system. Thus, a vertical rotor is assumed
and the equations of motion become autonomous by a transformation into a rotating reference frame ( xr , yr , zr ). In
this case, the synchronous oscillations can be treated as equilibrium solutions and the numerical continuation analysis
gives more knowledge about the unbalanced system.
Fig. 1. Laval/Jeﬀcott rotor symmetrically supported in semi-ﬂoating ring bearings.
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The rotor bearing model consists of an uniform cylindrical shaft (shaft stiﬀness c) whose mass is assumed to be
negligible compared to the mass m of the disk. Since the disk is located at the axial center of the massless shaft,
gyroscopic eﬀects are neglected and the bearings on both sides perform the same motion. Additionally, an external
damping (damping coeﬃcient de) acts on the lateral motion of the disk. The geometric center MC of the disk is
given by the coordinates xC and yC with respect to the ﬁxed reference system (x, y, z). Accordingly, the coordinates
xB and yB describe the center MB of the bearing journal. The rings (mass mR, center of mass MR), which are placed
between the journal and the housing, divide the bearing into an inner and an outer oil ﬁlm. Furthermore, a pin prevents
each ring to rotate. Then, the ring motion can be modeled with two translational degrees of freedom represented by
the coordinates xR and yR. The rotor speed is prescribed by the angular velocity ω and the rotational frequency f ,
respectively.
Hence, the equations of motion can be formulated with respect to the ﬁxed reference frame (x, y, z) for the rotor
disk
m r¨C + de r˙C + c (rC − rB) = fU(t) ,
2 fi(rB, r˙B, rR, r˙R) − c (rC − rB) = 0 (1)
and for the left and right ring, respectively
mR r¨R = fi(rB, r˙B, rR, r˙R) − fo(rR, r˙R) . (2)
The vectors rC = (xC , yC)T , rB = (xB, yB)T and rR = (xR, yR)T collect the coordinates of the disk center, bearing journal
and ring center. By applying the short bearing theory of DuBois and Ocvirk5, an analytical solution (for details,
see1,17) of the simpliﬁed Reynolds equation is used to determine the nonlinear bearing forces fi = ( fix, fiy)T , fo =
( fox, foy)T of the inner and of the outer oil ﬁlm. The rotor unbalance U leads to an external time-dependent force fU(t)
which can without loss of generality be expressed as fU(t) = Uω2(cosωt, sinωt)T for a constant angular velocity ω.
Therefore, the equations of motion (1) and (2) represent a non-autonomous system of diﬀerential equations.
By introducing the transformations
rC = T rr C , rB = T r
r
B and rR = T r
r
R with T =
(
cosωt − sinωt
sinωt cosωt
)
(3)
into a co-rotating reference frame ( xr , yr , zr ), the equations of motion (1) and (2) can be rewritten for the rotor disk
m r¨r C + (de + 2m ω˜) r˙
r
C + (de ω˜ − mω2) rr C + c ( rr C − rr B) = fr U ,
2 fr i ( r
r
B, r˙
r
B, r
r
R, r˙
r
R) − c ( rr C − rr B) = 0
(4)
and for the left/right ring
mR r¨r R + 2mR ω˜ r˙
r
R − mR ω2 rr R = fr i ( rr B, r˙r B, rr R, r˙r R) − fr o ( rr R, r˙r R) , (5)
where
ω˜ =
(
0 −ω
ω 0
)
.
The left superscript (· · · )r denote the corresponding quantities with respect to the rotating reference frame ( xr , yr , zr ).
In this formulation, the unbalance vector fr U is time-independent so that the equations of motion (4) and (5) become
an autonomous system of diﬀerential equations.
3. Comparison between run-up simulation and numerical continuation
To illustrate the advantages of the numerical bifurcation analysis over the run-up simulation, a classical Laval/Jeﬀcott
rotor in single oil ﬁlm bearings is considered, see Table 1.
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Table 1. Data of the Laval/Jeﬀcott rotor in single oil ﬁlm bearings.
Parameter Value
Disk mass m [kg] 0.1
Shaft stiﬀness c [N/mm] 2000.0
Unbalance U [gmm] 0.6
External damping de [Ns/mm] 0.01
Bearing diameter D [mm] 6.0
Bearing width B [mm] 3.6
Bearing clearance C [mm] 1.14 · 10−2
Oil viscosity η [mPa s] 10.0
3.1. Run-up simulation
In a run-up simulation, the rotor speed is increased in a suﬃciently long simulation time to capture the nonlinear
eﬀects over the operation speed range.
The run-up simulation is performed for the rotor bearing system given by the equations of motion (1) which are
formulated in the ﬁxed reference frame (x, y, z). To consider a single oil ﬁlm bearing, the inner oil ﬁlm is only taken
into account (rR = 0, r˙R = 0). The rotational frequency f is increased from rest to 2000Hz as a linear function of
the time t. The simulation time of 100 s is chosen suﬃciently high to reach approximately an asymptotic dynamic
behavior. In Fig. 2, the vertical displacements xC of the rotor disk as well as the corresponding waterfall diagram are
shown to recapitulate the well-known “oil whirl” and “oil whip” oscillations:
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Fig. 2. Run-up simulation of a small-sized Laval/Jeﬀcott rotor supported in single oil ﬁlm bearings: (a) Vertical displacement xC of the rotor disk
(blue), rotational frequency f (red); (b) Waterfall diagram (top-view) of plot (a).
• At lower rotational frequencies, the rotor bearing system performs purely synchronous oscillations which are
excited by the unbalance.
• By increasing the rotational frequency, the system passes through a nonlinear resonance whose maximum is
reached at a rotational frequency about f ≈ 684Hz (t ≈ 34.2 s).
• For a rotational frequency of f ≈ 1152Hz (t ≈ 57.6 s), the occurrence of a self-excited instability due to the
oil ﬁlms additionally leads to a subsynchronous component of the oscillations which is usually denoted by the
term “oil whirl”. In this case, the subsynchronous whirl frequency approximately corresponds to the half of the
rotational frequency.
• When the subsynchronous frequency fSub ≈ 12 f reaches nearly the eigenfrequency of the rotor bearing system,
a transition from the “oil whirl” into the “oil whip” oscillations takes place which is observed here in the
frequency range around 1400Hz. The “oil whip” oscillations are characterized by very high disk amplitudes
 Aydin Boyaci /  Procedia IUTAM  19 ( 2016 )  255 – 265 259
and by an almost constant subsynchronous frequency fSub. By further increasing the rotational frequency, the
system locks at this subsynchronous whip frequency which is approximately given by the eigenfrequency of the
rigidly supported rotor feig =
√ c
m/2π = 712Hz.• For this rotor bearing system, the amplitudes of the subsynchronous component of the “oil whip” oscillations
are more than four times higher than the amplitudes of the synchronous oscillations in the resonance. Therefore,
a rotor damage is very probable when the “oil whip” region is reached.
If the results of the vertical rotor bearing system are evaluated with respect to a ﬁxed reference frame, the periodic
(harmonic) solutions describe the purely synchronous oscillations due to unbalance. When a whirl/whip instability
occurs, the resulting oscillations are in general forced quasi-periodic solutions (with respect to a ﬁxed reference frame)
since the frequencies of the synchronous and the subsynchronous component are incommensurable.
3.2. Numerical continuation
For the stability and bifurcation analysis, the continuation tool box MATCONT6,9 is used which provides methods
to trace the branches of equilibrium and of periodic solutions. Then, the stability of the obtained solutions is deter-
mined. Consequently, diﬀerent types of bifurcation can be detected when (at least) one eigenvalue of an equilibrium
solution crosses the imaginary axis or when (at least) one Floquet multiplier of a periodic solution leaves the unit
circle. The results are depicted in bifurcation diagrams.
The methods of numerical continuation are applied to investigate the occurring instabilities and bifurcations of the
identical Laval/Jeﬀcott rotor (cf. Table 1) in single oil ﬁlm bearings ( rr R = 0, r˙
r
R = 0) described by the equations
of motion (4). In the following bifurcation diagrams, the global maxima and minima of the displacement magnitude
|rC | of the rotor disk are always plotted against the rotational frequency f . This representation allows an illustrative
distinction between equilibrium and periodic solutions. Thus, the branches of equilibira are described by one line and
the branches of periodic solutions by two lines. The bifurcation diagram and the corresponding frequencies of the
branches are outlined in Fig. 3, where the subsynchronous frequencies are always measured with respect to a ﬁxed
reference system to give a better comparison with other publications:
• From low rotational frequencies, a stable branch of equilibria exists which represents the synchronous oscil-
lations due to unbalance. In the following, this branch is always called the Syn branch. At f = 684Hz, the
maximum amplitude is obtained for the nonlinear resonance.
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Fig. 3. Bifurcation analysis of a small-sized Laval/Jeﬀcott rotor supported in single oil ﬁlm bearings: (a) Bifurcation diagram (maxima/minima of
magnitude disk displacement |rC |); (b) Frequencies of the branches measured in a ﬁxed reference frame.
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• The Syn branch loses its stability by a subcritical Hopf bifurcation at f = 1139Hz where an unstable branch
of periodic solutions (limit cycles) is born whose dominant frequency is subsynchronous. Accordingly, this
branch is always referred to as Sub branch. The Sub branch turns around at a saddle-node bifurcation of
periodic solutions for f = 1108Hz and moves in the direction of increasing f . Furthermore, the Sub branch
becomes stable through the saddle-node at f = 1108Hz. Throughout this paper, the term saddle-node always
denotes the saddle-node bifurcation and fold bifurcation of periodic solutions, respectively.
• In the case of a run-up, the occurrence of subsynchronous oscillations is deﬁned by the subcritical Hopf bi-
furcation at f = 1139Hz where the rotor bearing system jumps from the Syn onto the stable Sub branch. In
the transient run-up simulation, a certain settling time is needed before the subsynchronous oscillations are
fully developed even when the bifurcation point is exceeded. Therefore, the onset of the subsynchronous os-
cillations seems to appear at slightly higher rotational frequencies. For the run-down case, the saddle-node
at f = 1108Hz causes the system to jump back to the stable Syn branch. To sum up, the subcritical Hopf
bifurcation and the subsequent saddle-node bifurcation of the developed periodic solution typically generate a
hysteresis loop which is often observed for rotors supported in oil ﬁlm bearings.
• With increasing rotational frequency, the Sub branch initially describes the “oil whirl” oscillations, then the
transition from the “oil whirl” into the “oil whip” oscillations and ﬁnally the “oil whip” oscillations.
Here, the Syn branch of equilibria characterizes the amplitudes of the nonlinear resonance curve. Besides, the stable
Sub branch of periodic solutions represents the quasi-periodic “oil whirl” and “oil whip” oscillations measured in
the ﬁxed reference system. Therefore, the frequencies of the stable periodic solutions give the corresponding subsyn-
chronous frequencies of the “oil whirl” and “oil whip” oscillations, cf. Fig. 3(b). Correspondingly, the disk amplitudes
of the subsynchronous component can be interpreted as the mean values of the maxima and the minima of |rC |, while
the disk amplitudes of the synchronous component can be estimated by the diﬀerence of the maxima and the minima
of |rC |.
4. Stability and bifurcation analysis of the Laval/Jeﬀcott rotor in semi-ﬂoating ring bearings
In this section, the numerical continuation is performed for a small-sized rotor and a medium-sized rotor in semi-
ﬂoating ring bearings (cf. Table 2) which show two typical bifurcation scenarios. Then, the eﬀect of the unbalance
load is investigated by tracing the occurring bifurcations in the (U, f )-parameter plane so that extended stability charts
are generated which give an overview of the global solution behavior.
Table 2. Data of the Laval/Jeﬀcott rotor in semi-ﬂoating ring bearings based on1.
Parameter Small-sized Medium-sized
Disk mass m [kg] 0.1 2.0
Ring mass mR [kg] 2.2 · 10−3 26.0 · 10−3
Shaft stiﬀness c [N/mm] 4000.0 12000.0
Unbalance U [gmm] 0.2 60.0
External damping de [Ns/mm] 0.0 1 · 10−3
Inner/outer bearing diameter Di/Do [mm] 6.0/9.5 18.0/25.0
Inner/outer bearing width Bi/Bo [mm] 3.6/6.1 8.0/7.5
Inner/outer bearing clearance Ci/Co [mm] 1.1 · 10−2/3.2 · 10−2 4.7 · 10−2/5.9 · 10−2
Inner/outer oil viscosity ηi/ηo [mPa s] 10.0/15.0 6.4/9.5
4.1. Small-sized rotor
A small-sized rotor (cf. Table 2) is considered as an example for the occurrence of subsynchronous oscillations
with tolerable amplitudes. A bifurcation analysis is carried out for the rotational frequency range from 0Hz up to
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Fig. 4. Bifurcation analysis of a small-sized Laval/Jeﬀcott rotor supported in semi-ﬂoating ring bearings: (a) Bifurcation diagram (maxima/minima
of magnitude disk displacement |rC |); (b) Frequencies of the branches measured in a ﬁxed reference frame.
4000Hz where the branches of the diﬀerent types of oscillation and the corresponding oscillation frequencies are
outlined in Fig. 4:
• A stable Syn branch due to unbalance occurs from low rotational frequencies. Since the semi-ﬂoating ring
bearing provides a superior damping behavior compared to single oil ﬁlm bearings, the amplitudes of the syn-
chronous oscillations remain low and a nonlinear resonance is not clearly identiﬁable. The maximum amplitude
appears at f = 1110Hz.
• The Syn branch becomes unstable by a supercritical Hopf bifurcation at f = 1206Hz where a stable branch
of periodic solutions emanates. This so-called Sub i branch is caused by an whirl/whip instability due to the
inner oil ﬁlms1. The subsynchronous component of the quasi-periodic oscillations due to the inner oil ﬁlms is
referred to as Sub i oscillations.
• The amplitudes of the Sub i oscillations initially increase with higher rotational frequencies and then decline
until the Sub i branch completely vanishes through a Hopf bifurcation at f = 2931Hz. This Hopf bifurcation
leads again to a stable Syn branch.
• The outer oil ﬁlms maintain their damping capability throughout the occurrence of the Sub i branch. Therefore,
the amplitudes of the Sub i oscillations stay on a tolerable low level.
• The Syn branch remains stable in the considered rotational frequency range up to 4000Hz.
The Sub i oscillations are represented by a branch of periodic solutions (Sub i branch) which emerges and vanishes in
each case at a Hopf bifurcation. In practical applications, this type of subsynchronous oscillations is passed through
like a resonance with tolerable amplitudes and is harmless for a secure operation of the rotor bearing system.
4.2. Medium-sized rotor
Another type of subsynchronous oscillations and also a critical bifurcation type might occur for larger-sized rotors
in semi-ﬂoating ring bearings. For full-ﬂoating ring bearings, Schweizer14,15 has initially investigated this critical
bifurcation by means of transient run-up simulations who called the phenomenon “Total Instability” which is repre-
sented here by the critical limit cycle.
Thus, a medium-sized rotor (cf. Table 2) is studied which additionally shows a further critical bifurcation type for
high unbalance loads. The bifurcation analysis for the rotational frequency range from 0Hz up to 3500Hz yields the
bifurcation and oscillation frequency diagram for the diﬀerent branches, as shown in Fig. 5:
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Fig. 5. Bifurcation analysis of a medium-sized Laval/Jeﬀcott rotor supported in semi-ﬂoating ring bearings: (a) Bifurcation diagram (max-
ima/minima of magnitude disk displacement |rC |); (b) Frequencies of the branches measured in a ﬁxed reference frame.
• In the lower rotational frequency range, a stable Syn branch occurs whose maximum value is reached at f =
73Hz in the considered rotational frequency range.
• For f = 550Hz, the Syn branch undergoes a supercritical Hopf Bifurcation at which a stable branch of periodic
solutions is born. As shown later, this branch is caused by a whirl/whip instability due to the outer oil ﬁlms
and is consistently called Sub o branch. The amplitudes of the Sub o oscillations slightly grows with increasing
rotational frequency. The subsynchronous frequency of the Sub o branch is lower than in the case of the
occurrence of Sub i oscillations.
• At f = 2638Hz, the Sub o branch becomes unstable through a saddle-node and makes a turn in the direction
of decreasing f . A second saddle-node at f = 2222Hz causes the branch to turn around again and to become
stable. The resulting stable branch is characterized by fast-growing high amplitudes.
• For the run-up case, the rotor bearing system jumps through the saddle-node at f = 2638Hz onto the stable
high-amplitude branch. This branch is referred to as critical limit cycle (CLC) branch due to the high amplitudes
where a secure operation of the rotor bearing system is impossible in practical applications. The corresponding
rotational frequency is deﬁned as absolute limit speed since the CLC oscillations are the only stable solution
above this speed.
• A stable CLC branch is created at the saddle-node at f = 2222Hz which is denoted by the nonlinear critical
speed. For the run-down case, the nonlinear critical speed marks the jump back to the stable Sub o branch.
• Thus, bi-stability occurs between the nonlinear critical and the absolute limit speed where a stable Sub o oscil-
lation and the stable CLC oscillation coexist. Therefore, external perturbations may cause the system to jump
from the Sub o onto the CLC branch before the absolute limit speed is reached.
In this example, the CLC branch is actually an extension of the Sub o branch whose origins are from the Hopf
bifurcation on the Syn branch. For lower unbalance loads, however, the CLC branch is an island solution which is
separated from the Sub o branch. This issue will be discussed in more detail in the next section.
4.3. Stability charts
To investigate the inﬂuence of the unbalance load U on both types of subsynchronous oscillations and on the
bifurcation into the CLC branch, the corresponding bifurcation curves are analyzed in two-parameter planes for the
small-sized and the medium-sized rotor in semi-ﬂoating ring bearings (cf. Table 2). In addition to the rotational
frequency f , the unbalance load U is chosen as a second control parameter. From the bifurcation curves, extended
stability charts can be obtained to illustrate the regions where subsynchronous oscillations occur.
 Aydin Boyaci /  Procedia IUTAM  19 ( 2016 )  255 – 265 263
In Fig. 6(a), the Hopf bifurcation curve HSub i for the small-sized rotor is plotted in the two-parameter plane of the
rotor speed f and of the unbalance U. Here, the HSub i-curve represents the birth as well as the extinction of the Sub i
oscillations. Depending on the unbalance load U, four diﬀerent regions can be distinguished:
• 0.05 gmm < U < 0.128 gmm:
The Sub i branch even exists in the lower rotational frequency range where the Syn branch is unstable. The
Sub i branch vanishes on the upper part of the HSub i-curve and the Syn branch becomes stable.
• 0.128 gmm < U < 0.157 gmm:
For a ﬁxed unbalance load U, the rotor bearing system intersects with three parts of the HSub i-curve if the
rotational frequency is increased. From low rotational frequencies, the Sub i branch is apparent for a small
frequency range until it ﬁrst disappears at the lower part of the HSub i-curve. Then, the Syn branch gains its
stability. Between the middle and the upper part of the HSub i-curve, the Sub i branch reappears in a quite wide
frequency range.
• 0.157 gmm < U < 0.543 gmm:
The lower and the upper part of the HSub i-curve deﬁne the frequency range for the occurrence of the Sub i
branch. With increasing unbalance load U, the region becomes smaller where the Sub i branch exists.
• 0.543 gmm < U < 0.6 gmm:
The Syn branch remains stable over the whole considered frequency range.
For lower unbalance loads U, the Sub i branch occurs up to approximately 3000Hz. If the unbalance load U exceeds
a critical value, the Sub i branch vanishes and only a stable Syn branch persists. However, the amplitudes of the
synchronous oscillations increase with higher unbalances which also might endanger the secure operation of the rotor
bearing system.
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Fig. 6. Extended stability charts of the Laval/Jeﬀcott rotor supported in semi-ﬂoating ring bearings: (a) Small-sized rotor; (b) Medium-sized rotor.
For the medium-sized rotor, the stability and bifurcation behavior is investigated by the numerical continuation of
the Hopf bifurcation curves HSub i and HSub o as well as of the saddle-node curves SNnlin and SNabs in the two-parameter
plane. The resulting stability chart is illustrated in Fig. 6(b). Since two diﬀerent Hopf bifurcation curves HSub i
and HSub o are obtained, two types of subsynchronous oscillations can be distinguished depending on the unbalance
load U:
• 0.05 gmm < U < 28.1 gmm:
With increasing unbalance load U, the frequency range becomes smaller where the Sub i branch occurs. The
discussion of diﬀerent subcases is omitted here since they are similar to the small-sized rotor.
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• 28.1 gmm < U < 37.2 gmm:
The Syn branch is stable over the whole considered frequency range.
• 37.2 gmm < U < 80.0 gmm:
From an unbalance load of U = 37.2Hz, the Sub o branch initially occurs at the lower part of the HSub o-curve
and vanishes at the upper part of the HSub o-curve. By further increasing the unbalance load U, the region of
the Sub o branch occurrence becomes larger. For high unbalance loads U, the Sub o branch exists from around
550Hz up to the considered maximum frequency 3500Hz.
Thus, the medium-sized rotor undergoes Sub i oscillations only for lower unbalance loads. In contrary, Sub o oscilla-
tions occur only for higher unbalance loads.
As discussed in the previous section, the medium-sized rotor might show a bifurcation into the CLC branch which
is represented by the SNabs-curve. The absolute limit speed rapidly grows if the unbalance load is decreased from
U = 80 gmm. The nonlinear critical speed, deﬁned by the SNnlin-curve, initially shows the same behavior at nearly
constant lower values of the rotational frequency compared to the SNabs-curve. Then, downwards from a value of
U ≈ 41 gmm, the nonlinear critical speed almost remains constant at f ≈ 3140Hz.
As already shown for the perfectly balanced rotor1, the CLC branch becomes isolated for unbalance loads lower
than U = 49.8 gmm and is therefore an island solution in this region. Even if the Sub o branch vanishes for lower
unbalance loads, the isolated CLC branch continues to exist. For higher unbalance loads than U = 49.8 gmm, a
similar bifurcation behavior is observed as discussed for the example of the medium-sized rotor (cf. Fig. 5). Between
the saddle-node curves SNnlin and SNabs, the region of bistability is obtained where the Sub o and the CLC branch
coexist. Above the saddle-node curve SNnlin, the CLC oscillations are the only stable solution.
5. Conclusion
This contribution shows the methods of numerical continuation as a more sophisticated alternative to transient
simulations applied for high-speed rotors in oil ﬁlm bearings. To study the eﬀect of unbalance on the occurring sub-
synchronous oscillations it is more convenient to assume a vertical rotor. Thus, the periodic, synchronous oscillations
are described by a branch of equilibria if the equations of motion are expressed with respect to a rotating reference
frame. The Syn branch might undergo several Hopf bifurcations at which diﬀerent Sub branches of periodic solutions
are born. The Sub branches represent the quasi-periodic oscillations which are composed of the synchronous and the
subsynchronous component.
For the Laval/Jeﬀcott rotor in semi-ﬂoating ring bearings, exemplary bifurcation scenarios prove the occurrence
of two types of subsynchronous oscillations with tolerable amplitudes. In the case of a small-sized rotor, the Sub i
oscillations are only apparent which are induced by a whirl/whip instability due to the inner oil ﬁlms. The medium-
sized rotor also exhibits Sub o oscillations for higher unbalance loads which are excited by a whirl/whip instability
due to the outer oil ﬁlms. Besides, a CLC branch with very high amplitudes emanates from a saddle-node bifurcation
at the nonlinear critical speed. For high unbalance loads, the Sub o and the CLC branch are connected by an unstable
branch between two saddle-nodes. In this case, a direct bifurcation takes place from the Sub o onto the CLC branch at
the absolute limit speed. From moderate to low unbalance loads, the CLC branch is an island solution which coexists
with other solution branches.
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